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Abstract
In this paper we present a simple dimensional analysis exercise that allows us to derive
the equation for the Hawking temperature of a black hole. The exercise is intended for
high school students, and it is developed from a chapter of Stephen Hawking’s bestseller
A Brief History of Time.
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dents.
1 Introduction
In 1988, the shelves of the world’s leading bookstores were filled with the first edition of a
popular science book that was destined to become a best seller: A Brief History of Time [1].
The author of this book, the recently deceased British physicist Stephen Hawking, had set
out to captivate his readers by revealing the great mysteries of the universe without using
mathematical formulas. In a chapter of his book, entitled Black Holes Ain’t So Black, Hawk-
ing explains the greatest discovery of his scientific career: the notion that black holes emit
thermal radiation and have a characteristic temperature, the so-called Hawking temperature.
Hawking’s decision to omit mathematical formulas gives us an excellent pretext to turn his
book into a stimulating teaching material for high school physics students. Specifically, from
reading some paragraphs of Black Holes Ain’t So Black we will develop a simple dimensional
analysis activity to work in classroom, which leads to the Hawking temperature equation. If
the reader is a high school teacher, I hope that they will find the best way to develop the
activity with his/her students and will delve into those aspects that for reasons of space we
do not address in this article. The activity consists of three parts, and is intended to be
developed with the guidance of the teacher.
In section 2 the concept of a black hole is introduced and the Hawking text that is the basis
for the first part of the activity is transcribed. In section 3 the second part of the activity
1
ar
X
iv
:2
00
4.
11
85
0v
1 
 [p
hy
sic
s.e
d-
ph
]  
24
 A
pr
 20
20
Figure 1: Within the framework of Newtonian gravitation, a black hole can be visualised as a region
of space bounded by a spherical surface (horizon) of radius RS and at the centre is the singularity.
is presented, which consists of developing the algebra of the dimensional analysis that leads
to the Hawking temperature equation. In section 4 the third and final part of the activity is
developed, where a set of questions and their corresponding answers are proposed to promote
better learning. The article ends with a few brief comments.
2 First part: Black Holes Ain’t So Black
Black holes are the most extreme prediction of general relativity, which is the theory of gravity
proposed by Einstein in 1915 to broaden and perfect Newton’s law of gravitation. According
to general relativity, a black hole is formed when a high concentration of mass, or its equiv-
alent in energy, occurs within a closed spherical region of space called the horizon [2]. The
concentration of matter within the horizon is so high that, in order to escape its gravity, a
speed greater than that of light in a vacuum is required, c = 3 × 108m · s−1. But c is the
maximum speed allowed by physical laws. Consequently, matter and energy can only cross
the horizon from the outside to inside, but never in the opposite direction [3].
The entire mass of the black hole is concentrated in a mathematical point of null size and
infinite density called singularity, located in the centre of the horizon (see Fig. 1). Therefore,
the horizon is not a physical surface, but it can be imagined as a unidirectional membrane
that only allows the inward flow of material [1]. Within the framework of Newtonian gravity,
the horizon can be intuitively visualised as a spherical surface whose radius depends only on
mass1:
RS =
2GMBH
c2
. (1)
This quantity is known as gravitational radius2, where G = 6.67 × 10−11N ·m2 · kg−2 is the
universal gravitation constant, and MBH is the mass of the black hole, that is, the mass
confined in the horizon. Considering the values of G and c given before and introducing the
solar mass M = 1.99 × 1030kg, we can rewrite this equation in a way that allows quick
calculations:
1The Newtonian image is pedagogically useful but should be taken with caution. In general relativity, RS
is only a coordinate, and does not represent the physical distance between horizon and singularity.
2The escape velocity from the surface of a massive object of radius R and mass M is Ve = (2GM/R)
1/2;
taking Ve = c and solving for R, we get R = 2GM/c
2. The physical meaning of this intuitive argument is the
following: no form of matter or energy contained within the closed spherical surface limited by R can escape,
since it would need a speed greater than c.
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Figure 2: Gravitational radius (RS) versus black hole mass (MBH/M).
RS ∼= 3km
(
MBH
M
)
, (2)
where RS is expressed in kilometres (km). These equations allow us to calculate the radius of
the sphere within which it is necessary to compress an object so that it becomes a black hole.
For example, for MBH = M, RS = 3km, which is equivalent to one hundred thousandth of
the solar radius. Fig. 2 shows the graph of Eq. (2), where the horizontal axis is in units of
MBH/M and the vertical axis in km. The graph is linear.
Within the framework of general relativity, a black hole can never emit radiation from its
horizon, as this would imply the existence of particles that can move faster than light and
cross the horizon outwards. In particular, the laws of thermodynamics ensure that the horizon
temperature must be strictly null, otherwise it would emit thermal radiation and the black
hole would not be black. However, Hawking discovered that it is possible to associate an abso-
lute temperature to the horizon of a black hole, which implies that these objects emit thermal
radiation in all directions. On the other hand, relativistic physics establishes that matter and
energy are equivalent, so that the emitted radiation takes a part of the mass-energy of the
black hole, generating a gradual reduction of MBH . These conclusions are in flagrant conflict
with general relativity and with the very definition of a black hole.
An excerpt from A Brief History of Time is transcribed below, where Hawking explains his
great discovery. The reading of this extract by students is the first part of the dimensional
analysis activity.
In a section of Black Holes Ain’t So Black (Chapter 7, pp. 109-110), Hawking writes the
following [1]:
(. . . ) a black hole ought to emit particles and radiation as if it were a hotbody with a temper-
3
ature that depends only on the black hole’s mass (. . . )
At this point, Hawking goes on to explain in detail the quantum properties of black holes, as
well as the concept of Hawking temperature. The British physicist’s explanations end with
the following words:
(...) A flow of negative energy into the black hole therefore reduces its mass (. . . ) Moreover,
the lower the mass of the black hole, the higher its temperature.
Although we have only reproduced the beginning and the end of the Hawking text, for the
proper performance of the dimensional analysis activity, it is essential that the teachers and
their students read the entire text carefully.
3 Second part: Hawking temperature through dimensional
analysis
The paragraphs from A Brief History of Time quoted above contain all the information that
is necessary for students to find the Hawking temperature TH , which is the second part of the
activity.
The Hawking’s text reveals a key aspect: TH depends inversely on the mass of the black hole.
Mathematically, we can express this condition as:
TH ∝ 1
MBH
. (3)
To convert this proportionality into an equality we must find the corresponding physical con-
stants. To achieve this, we again resort to Hawking’s text, which shows us that the argument
to derive TH depends on quantum mechanics (uncertainty principle), general relativity (grav-
ity), and thermodynamics (temperature). This means that TH must be a function of the
fundamental physical constants that characterise these theories: Planck constant ~ (quantum
mechanics), speed of light in a vacuum c, gravitation constant G (general relativity), and
Boltzmann constant kB (thermodynamics)
3 . We can express this condition as:
TH =
αβ
MBH
, (4)
thus:
MBHTH = αβ, (5)
where α = α(~, c, G, kB) is a quantity that is expressed as a combination of the indicated
physical constants, and β is a pure number, such as 4,
√
3, or 2pi. We must include β because
3Planck constant, ~ = 1.05×10−34J ·s, plays a central role in the quantum mechanics and is named after its
discoverer, the German physicist Max Planck, a founding father of that theory. The speed of light in vacuum,
c = 3 × 108m · s−1, is a universal constant postulated by Albert Einstein as the foundation of his theory of
special relativity. The gravitational constant, G = 6.67 × 10−11N ·m2 · kg−2, determines the intensity of the
gravitational pull force between bodies, and appears both in Newton’s law of gravitation and in Einstein’s
general theory of relativity. The Boltzmann constant, kB = 1.38 × 10−23J ·K−1, is named after the Austrian
physicist Ludwig Boltzmann, who made important contributions to the theory of statistical mechanics, in
whose fundamental equations kB plays a central role.
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is a dimensionless quantity, and therefore dimensional analysis cannot determine its value.
Our goal will be to find the value of α. For this, it will be necessary to algebraically combine
different powers of ~, c, G, and kB so that the relation (5) is dimensionally satisfied. Let’s
start by writing this relation using the standard notation of dimensional analysis:
[TH ] [MBH ] = [kB]
p [~]q [c]r [G]s , (6)
where [X] is the conventional symbol to designate ”the dimension of X”. Since β is a dimen-
sionless quantity, it must have [β] = 1. This is the reason why β does not appear in Eq. (6).
This equation reveals that determining the value of α is equivalent to finding the values of p,
q, r, and s. Let us start by introducing the usual symbols of the dimensional analysis, with
M for mass, L for length, T for time, and Θ for absolute temperature. For the right side of
Eq. (6) we must have:
[TH ] = Θ = Θ
1, (7)
[MBH ] = M = M
1. (8)
As we know the units in which the constants kB, ~, c, and G are measured, for the left side
of Eq. (6) we obtain:
[kB] = M
1L2T−2Θ−1, (9)
[~] = M1L2T−1, (10)
[c] = L1T−1, (11)
[G] = M−1L3T−2. (12)
Replacing Eqs. (7), (8), (9), (10), (11), and (12) in Eq. (6) we get:
Θ1M1 = (M1L2T−2Θ−1)p(M1L2T−1)q(L1T−1)r(M−1L3T−2)s. (13)
To make it clear that the left side is independent of L and T it is necessary to introduce these
two dimensions raised to a zero exponent:
L0T 0Θ1M1 = (M1L2T−2Θ−1)p(M1L2T−1)q(L1T−1)r(M−1L3T−2)s. (14)
Ordering the terms:
L0T 0Θ1M1 = L2p+2q+r+3sT−2p−q−r−2sΘ−pMp+q−s. (15)
For this equality to be satisfied, the exponent of each dimension on the left side must be equal
to the exponent of the corresponding dimension on the right side. By proceeding in this way,
the following system of four equations with four unknowns is obtained:
+ 0 = 2p + 2q + r + 3s
+ 0 = −2p− q − r − 2s
+ 1 = −p
+ 1 = p + q − s
. (16)
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Figure 3: Hawking temperature (TH) versus black hole mass (MBH/M).
It is observed that the number of equations is determined by the number of dimensional
parameters (L, T , Θ, M), while the number of unknowns is determined by the number of
variables (kB, ~, c, G). The system of equations can be simplified if we enter the value p = −1
(third equation) in the remaining equations:
+ 2 = 2q + r + 3s
+ 2 = q + r + 2s
+ 2 = q − s
. (17)
Since the number of equations is equal to the number of unknowns, this system has a unique
solution. The simplest procedure to solve this system is to apply Cramer’s rule, the description
of which can be found in most of the introductory texts for algebra [4, 5]. After applying this
rule, it is found that q = 1, r = 3, and s = –1. It can be verified by simple substitution that
these values satisfy the equation system (17). Entering the values of p, q, r, and s in Eq. (6):
[TH ] [MBH ] = [kB]
−1 [~]1 [c]3 [G]−1 . (18)
If we eliminate the dimensional brackets on both sides of this equality, it is necessary to restore
the dimensionless constant β:
THMBH = βk
−1
B ~c
3G−1. (19)
Finally we get:
TH = β
~c3
kBGMBH
. (20)
The exact expression for TH originally found by Hawking is
4 [2, 6-8]:
4It should be clarified that this is not the temperature on the horizon; it is the temperature that an observer
located at a great distance, ideally infinite, would measure.
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TH =
~c3
8pikBGMBH
. (21)
Then, except for the dimensionless constant β, we have reached the same equation found
by Hawking. Comparing Eqs. (20) and (21) we observe that β = 1/8pi. Introducing the
solar mass M = 1.99 × 1030kg and considering that ~ = h/2pi = 1.05 × 10−34J · s and
kB = 1.38 × 10−23J · K−1 we can write the Hawking equation in a form that allows quick
calculations:
TH = 6.17× 10−8K
(
M
MBH
)
, (22)
where TH is expressed in Kelvin (K). Fig. 3 shows the graph of Eq. (22), where the
horizontal axis is in units of MBH/M and the vertical axis in units of 10−8K. For example,
for MBH = 1M, TH = 6.17 × 10−8K. It is observed that TH asymptotically approaches
zero as MBH grows. In the following section the physical meaning of Eqs. (21) and (22) is
analysed in more detail.
4 Third part: Questions and problems
The following questions are the last part of the activity. The purpose of the questions is
that students gain a deeper understanding of Eq. (21) and of the concept of the Hawking
temperature.
1. In order for the Hawking temperature to be detected by astronomical observations, must
the mass MBH of a black hole be small or large?
R: The smaller MBH is, the greater TH is and the easier the detection.
2. The least massive black holes for which there is observational evidence are the stellar black
holes, whose masses are of the order of the solar mass, M = 1.99 × 1030kg. What is the
Hawking temperature of these objects? Is it possible to detect it?
R: TH ∼ 10−7K, and is too low to be detected.
3. Hawking speculated on the possible existence of so-called micro black holes, whose masses
are of the order of 1012kg or less (this is the mass of an average asteroid or a mountain). Are
these objects detectable?
R: TH ∼ 1011K. As this temperature is very high, in principle it is detectable.
4. What gravitational radius would a micro black hole have? Find out the radius of a proton
(or a neutron) and compare it with the value you obtained for a micro black hole.
R: RS ∼ 10−15m, and it is equivalent to the radius of a proton.
5. The Wien displacement law relates the maximum wavelength λ (m) of a hot body with
its absolute temperature T (K) by the equation λT = 2.9× 10−3m ·K. Determine λ for the
Hawking temperature of a stellar black hole and a micro hole. Find out which domain of the
electromagnetic spectrum the calculated values correspond to.
R: λstellar ∼ 104m, radio waves; λmicro ∼ 10−14m, gamma rays.
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6. Specialists agree that Hawking’s findings about black holes are among the most important
contributions to physics in recent decades. However, Hawking did not receive the Nobel Prize.
From the information given before, and based on the results you obtained, how do you explain
this?
R: The award of the Nobel Prize in Physics requires that the theories be supported by
empirical evidence, but as is mainly deduced from problems 1 and 2, no solid evidence has
yet been found in favour of Hawking’s discoveries.
5 Final comments
This activity reveals the power and usefulness of dimensional analysis. However, we have seen
that this procedure does not deliver the values of dimensionless constants, but this does not
prevent it from being a widely used tool that has led to important discoveries in physics. In
fact, despite the extraordinary mathematical complexity of the reasoning originally used by
Hawking to derive Eq. (21), dimensional analysis has allowed us to approach this equation
using high school algebra. Obviously, without the guidance of the Hawking text transcribed
in Section 2 this would not have been possible.
In any case, I hope that the activity presented arouses students’ interest in physics and
motivates them to continue learning about Hawking’s great contributions to our current un-
derstanding of black holes.
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